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Nonlinear internal gravity waves in a rotating fluid
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The interaction between internal gravity waves in a rotating frame and the mean
flow is discussed for the case when the properties of the mean flow vary slowly on
a scale determined by the local wave structure. The principle of conservation of
wave action is established. It is shown that the main effect of the waves on the
Lagrangian mean velocity is due to an appropriate ‘radiation stress’ tensor.
A circulation theorem and a potential-vorticity equation are derived for the mean
velocity.

1. Introduction

The interaction between internal gravity waves and the mean velocity (when
the length scale of the waves is much shorter than that of the mean flow) was
first examined in detail by Bretherton (1969) for small amplitude waves. Subse-
quently, this work was extended to finite amplitude waves, incorporating the
perturbation effects of friction and compressibility, by Grimshaw (1972, 1974).
The purpose of this paper is to discuss this interaction in a rotating frame. Two
significant differences emerge. First, because of the rotation, the mean velocity
is constrained to be in approximate geostrophic balance and departures from
this balance are determined by a ‘radiation stress’ tensor, derived from the
waves. This tensor is just the local average over the waves of the particle displace-
ment with the pressure gradient. Second, the equations for the mean motion
adopt their simplest form when expressed in terms of Lagrangian mean velocities
(cf. Bretherton 1971); indeed, the equations for the mean Eulerian velocity
contain buoyancy flux terms due to the waves, as well as Reynolds stresses.
However, when Lagrangian mean velocities are introduced, these combine to form
a single ‘radiation stress’ tensor.

In §2, the concept of a modulated wave is defined, the Eulerian mean equations
are derived and the conservation of wave action is established. In §3 the
Lagrangian mean velocity is introduced and the equations for the mean motion
simplified. In § 4 the transport equations (i.e. the equations for the mean motion
plus the equation for the eonservation of wave action) are discussed, a circulation
theorem is established and it is shown that the effect of the waves on the mean
flow may be described by a forcing term in the potential-vorticity equation.

We shall complete this section with a description of the terminology and the
equations of motion. Let L; be a length scale characterizing the wavelength and
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498 R. Grimshaw

let N7! be the time scale, where N, is a typical value of the Brunt-Viisilld
frequency. Then e = N2L,Jg (1.1)

is a small parameter, being the ratio of a typical wavelength to the length scale
of the mean density profile; it will be assumed that € also characterizes the ratio
of a typical wavelength to the length scale of the mean velocity field. If ¢, is
a typical value of the speed of sound, then
F =gL/c? (1.2)
is also a small parameter, being a ratio of L, to the ‘scale height’ of the atmo-
sphere, and indicative of the effects of compressibility. The ratio /e is a property
of the mean state of the fluid; for an isothermal ideal gas F/e = (y —1)~1, where
v is the ratio of the specific heats; it will be assumed that Fis O(e). If 4, isa typical
value of the viscosity, then the third relevant small parameter is
E = pfp, N L, (1.3)
where p, is a typical value of the density; E measures the frictional effects and it
will be assumed that E is O(e). The velocity scale will be N, L, and the pressure
scale will be p,gL, /e (the hydrostatic scale for the mean state).
The equations governing the conservation of mass, momentum and entropy,
referred to a frame rotating with angular velocity €, are, respectively, using

non-dimensional variables,  g5/d¢+ pV.u = 0, (1.4)
pdu/dt+p2Q xu+e3Vp+elpk = EuViu+..., (1.5)
dp F1ldp 9

Here u is the velocity relative to the rotating frame, p is the pressure, p the
density, ¢ the speed of sound (a prescribed function of p and p), and Kk is a unit
vector in the vertical (z) direction; g is the viscosity, & the thermal diffusivity
(both prescribed functions of p and p) and ¢ is a constant, the Prandt! number,
being the ratio of a typical value of the thermal diffusivity to a typical value of the
viscosity. The terms omitted on the right-hand sides of (1.5) and (1.6) are O(¢)
compared with the terms which have been retained. The centrifugal effects of
rotation have been absorbed into the gravitational term (gk in dimensional
variables), which is assumed to be a constant. The 2 and y axes will be in the
easterly and northerly directions respectively; thus

2Q = (0,2Qg,20Q,). (L.7)
Note that 2Qj and 2Q;, are the non-dimensional horizontal and vertical com-
ponents of the Coriolis parameter, which has been scaled by X,.

2. Modulated waves

We shall show that the equations of motion possess an asymptotic solution
which is locally a plane sinusoidal wave but whose properties vary on length
and time scales O(e~!). The procedure used is similar to that developed by Grim-
shaw (1974) for internal gravity waves in the absence of rotation. Thus let

X=¢x, T=c¢, (2.1)
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and seek a solution of the form
= VX, T;e)+v(0;X,T;e),
p=RX T;e){1+er(0;X,T;e)}, (2.2)
P =QX,T;e)+e¥q(0;X,T;e),
where the phase 0 is defined to be that the local frequency w = — 6, and the local
wavenumber x = V_ are functions of (X, T') and so are slowly varying. Thus
0 =e10(X,T;¢) (2.3)
and w=-05 xn=V0O. (2.4)
{In this and subsequent sections all spatial and time derivatives are with respect
to X and 7'.) v, r and q are periodic in 8 with period 277 and have zero mean; thus
V, R and @ are the mean velocity, density and pressure respectively. All these
variables are O(1) with respect to €, and are assumed to possess asymptotic
power-series expansions in €. Note that it has been anticipated that the density
and pressure fluctuations will be O(¢) and O(e?) respectively (the appropriate
scaling for internal gravity waves).
Substitution of (2.2) into (1.4)—(1.6) gives
eDR €v. VR+ € ﬂ—-O
RDT R l+erdt
R(1+er){eDVIDT +ev.VV4dv|dt+2Q x V+2Q x v}
+e-IVQ +xnqg,+eVg+e 1Rk + Brk = Ejik?*vyy+..., (2.6)

®.Vy+eV.V+eV.V+— (2.5)

1DR v.VRE 1 dr F {DQ+ VQ+edq
EDTT R T1ved oRC*\DT at
b D@ .
_F[%(pcz)]R {DT+V VQ} = Bk,  (2T)
d b 8 D
where G= 30+v Xzt DT+ev.V, (2.8)
D|DT = 9[oT + V.V, (2.9)
w* = w—x.V, the intrinsic frequency, (2.10)

and the omitted terms are O(e?); d/dt is the (exact) time derivative following
a fluid particle. Here x denotes the magnitude of ®. In (2.7) C denotes ¢ evaluated
at (@, R) and the differentiation of (pc?)~!is with respect to p at constant pressure
p.In (2.6) and (2.7), 7 and k denote x and k evaluated at (Q, R). Equations (2.5)~
(2.7) may now be averaged with respect to the phase 6 over the period 27. Let
angular brackets denote averages:

(fy = if"f(a;x, T;¢)do (2.11)
2m)o
for any variable f. Then, after some manipulation, it follows that
DE[DT 4+ RV.V +€eV.(Brv) =0, (2.12)
eRDV|DT + R2Q x V +€eV.(RvV) +€2Q x (Rrv) + €VQ + ¢ 1Rk = O(¢e?),
(2.13)
g—ﬁ+6V.<Rrv> g,, g?’ O(e?). (2.14)
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Note that (2.12) is exact. These equations are most simply derived by first
rewriting (1.4)—(1.6) in conservation form, then substituting (2.2) and averaging.
For example, this procedure shows that (2.5) can be written in the form

—ew*Rry+ R{(1 +er)n.V};+eRp+ eXRr)p+eV.{R(1+er) (V4 V)} =0,

and averaging this equation produces (2.12). It follows from (2.13) that, to
0(e2), the mean state is hydrostatic and geostrophic; the horizontal gradients of
Q and R are also O(e) smaller than the vertical gradients. It will be assumed
below that @ and R are, to O(e), functions of Z only; then it follows that, again
to O(e), V is horizontal and non-divergent. [It has been pointed out by Garrett
(1968) that if @ and R depend on both Z and T to leading order in ¢ then there
will be an O(1) vertical velocity, likewise depending on both Z and 7. This rather
artificial case is not considered here, although it may be shown that the result
(2.36) for the wave action is still valid for this case (cf. Grimshaw (1975b), where
this result was derived for the linearized system).]

The averaged equations (2.12)-(2.14) may now be subtracted from their
respective counterparts (2.5)-(2.7) to yield the following equations for the
fluctuating variables:

®.Vy, = —€ly, (2.15)
—w*Vy+ 22 X V+ R 1lgyx+rk= —¢F, (2.16)
—w*ry— N2w = —€eH, (2.17)
. R, F 1
where N‘:—-I?_-E@’ w=v.k. (2.18), (2.19)

N is the Brunt-Viisili frequency, and to leading order in € is a function of
Z alone. The right-hand sides of these equations are O(e), and the specific expres-
sions for 7, F and H are, after some manipulation,

I, = V.v—gé—‘;+0(e), (2.20)
F = Dv[DT +v.VV+V {(Rvv)—(RvV)}
—(IV)y—w*(rv)g+r2Q x V+ 2Q x {rv — (rv)}
+ R-Wq — e 1R-1Efik*v,, + O(e), (2.21)
_ Dr vH.VHR_I_V.(RrV—(Rrv))_

H=pp* I3 (")
F 1 * Fre 1 2y -1 Torc2:
+ER_C—2(2Q xV.v+o q,,)+; [% (/)_03)] Rlrw—elaBkk?g+0(€). (2.22)

Here and subsequently subscript H denotes a horizontal component. The constant
of integration in the expression for I is chosen such that I has zero mean. In
deriving these expressions, use has been made of the zero-order relations between
v, r and ¢ obtained by replacing the right-hand sides of (2.15)-(2.17) with zeros;
this is justified as I, F and H are used below only after they have been evaluated
to lowest order in €. Some use has also been made of the fact that ¢ and R are

functions of Z only, to leading order in ¢, and so, for example, Vy R is O(e) and
DQ|DT is Ofe).



Nonlinear internal gravity waves in a rotating fluid 501

Plane-wave solution

In the limit e—0 (2.15)-(2.17) with their right-hand sides replaced by zeros
have a plane-wave solution. In this limit, the equations are ordinary differential
equations in the phase 6, and may be integrated keeping X and 7' (i.e. N2, R,
29, w* and %) constant. The solution is

r = aN2%sin (0+v), w=—aw*cos(f+), (2.23), (2.24)

K2 nx wxk _

v=w;§(k—ﬁ)+¢ el (2.25)

where ¢ = -—a29'xsin (G+y), (2.26)
Ka

provided that w*2 = (2Q %)%k + N3 [x2. (2.27)

Here n = ».k is the vertical component of %, « is the magnitude of », and «; is
the magnitude of %, the horizontal component of ». The solution contains an
arbitrary amplitude a and phase r, both of which are functions of X and 7'. There
is no restriction on the magnitude of a other than the requirement that the
zero-order solution be O(1) with respect to €; this is a consequence of (2.15),
which shows that the waves are transverse, and hence are sinusoidal even though
nonlinear. The total phase 0+ may be regarded as equivalent to the expansion
of ® in powers of ¢ as 0+ = €71 (0 +¢y). Thus it would be legitimate to replace
0+ in (2.23) ete. by 6, and simultaneously expand © in powers of ¢; however
this would lead to extra terms in I, F and H. Here we shall retain 6 + ¢ in (2.23),
etc., and assume that © has no explicit ¢ dependence.

In (2.23), ete., the amplitude « is that of the vertical displacement of a fluid
particle. Equation (2.27) is the familiar dispersion relation for internal gravity
waves in a rotating fluid (Phillips 1966, p. 193), and the corresponding group

velocity is
2
=V ot = Nn(k nx)+2ﬂ.x(29_(2ﬂ.x)x)' (2.28)

w¥k? K2 w*k?2 K2

The group velocity is perpendicular to the phase velocity (parallel to »), which
is a consequence of the transverse nature of the waves. The wave energy density
is defined to be

& = FR((|[V[®)+ (N3 7Kr?)) = jRa*(w*k[ky)? (2.29)

and the wave action density is defined to be

F = &jw*. (2.30)

O(e) solution

At this stage, the amplitude a and phase ¥ are undetermined. Equations govern-
ing @ and ¥ will now be derived through the requirement that the first-order
solution for v,  and g be periodic with period 27 and zero mean. It is to be under-
stood that the variables r, etc., are expanded in powers of ¢, e.g. 7 = ro+er + ...
ete.; the plane-wave solution (2.23)-(2.25) corresponds to the subscript zero,
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while the equations for the variables r;, etc., are (2.15)~(2.17), the variables on
the left-hand sides of the equations being 7,, ete., while on the right-hand sides
of the equations, I, ¥ and H are evaluated using the plane-wave variables.
However, we shall not display these subscripts in order to avoid excessive nota-
tion. Eliminating r, ¢ and v;; from (2.15)-(2.17) yields the equation

Weg+w = €J, (2.31)
F ) F.(xexk)
where J=w—i(k—?2')—w 2Q %

w2 k2 w¥ K w¥K? ) (2.32)
The general solution of (2.31) consists of the complementary function, which
will be periodic and of zero mean, plus a particular integral given by

w = esin (0+¢)-[OJ(0') cos (0" +r)dfl’ — e cos (0+¢)f:J(0’)sin (0" +r)do’.
0

(2.33)
This is periodic when
{Isin(@+y)) =<{Jeos(0+y)) =0. (2.34)

Also, when (2.34) is satisfied, it may be verified that (2.33) has zero mean (note
that J itself is periodic with zero mean). Finally, it follows easily from (2.15)-
(2.17) that, once w has been constructed to be periodic with zero mean, then v,
r and ¢ are also periodic with zero mean. Thus conditions (2.33) are necessary
and sufficient for the first-order solution to be periodic with zero mean (i.e. the
asymptotic solution is well ordered).

Recalling the zero-order solutions for v, r and ¢ [i.e. (2.23)-(2.26)], the con-
ditions (2.34) may be rewritten, after some manipulation, as

(v.F+ N-2rH + R 1ql,y = 0, (2.35a)
qip
(vo. ¥+ N2, H+ Rq,1> = 0. (2.35b)

It is shown in appendix A that (2.35a) is just the equation for conservation of
wave action:
Fr+ V. [Fle+V)]+A2F =0, (2.36)

where the dissipation coefficient A is defined by (A 9). The conservation of wave
action was established in the absence of rotation by Grimshaw (1974), and for the
linearized case including rotation by Grimshaw (1975b); it has been established
for avariety of other (linearized) physical systems by Bretherton & Garrett (1969).
Equation (2.36) may be regarded as the required equation for the amplitude.
Equation (2.35b) yields an equation for the phase r, which will not be displayed
here as 3 does not appear explicitly in any other averaged equation.
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3. Transport equations: reformulation using the Lagrangian mean
velocity

The equations governing the mean flow variables V, R and @ and their inter-
action with the wave amplitude are (2.12)~(2.14) and (2.36). They are displayed
again here for convenience:

DR|DT +RV.V +¢eV.(Brv) =0, (3.1)
eRDV[DT + R2Q x V+€V .(RvV) +€2Q x (Rrv) +e7VQ + e 1Rk = O(c?), (3.2)
DR F DQ . ,
DT’+€V<RTV>_E_O—2D_T = 0(6 ), (33)
DF|DT +V .(cF)+ Ak:F = O(e). (3.4)

These are supplemented by the dispersion relation (2.27), which, by virtue of
(2.4), is a partial differential equation for the phase ©. Here

D|DT = 9JaT +V.V (3.5)

and is the time derivative in a frame moving at the Eulerian mean velocity V.
These equations show that the interaction of the waves with the mean flow
cannot be entirely attributed to the Reynolds stress tensor (Rvv), as there is
also a contribution from the buoyancy flux (Rrv); note that this buoyancy flux
appears both as a mass source in (3.1) and also as an excess vortex force in (3.2).
This has the consequence that the effect of the waves on the Eulerian mean flow
cannot, in general, be expressed as the divergence of an appropriate ‘radiation
stress’ tensor. However, as shown by Bretherton (1971) for certain linearized
systems,T the introduction of a Lagrangian mean velocity will remove this
conceptual difficulty and simplify (3.1)-(3.3).

The Lagrangian mean velocity V is defined such that an observer moving with
velocity V ; records a zero mean for the particle displacements (relative to him-
self). If € denotes this particle displacement, it is shown in appendix B [(B 21)
and (B 19)] that

V. = v+e{(rv) + RIV.(REV)} + O(e?), (3.6)
where —w*g, = v+0(e). 3.7
Hence V.(RV}) = V.(RV +e(Brv))+ O(e?), (3.8)

there being no contribution from the term (REV), as it is an antisymmetric tensor.
Thus (3.1) becomes

D, R|DT +RV.V, = 0(e?, (3.9)
where D,/DT = o[eT +V,.V. (3.10)

1+ Dr M. E. McIntyre (private communication) has also used Lagrangian mean velocities
to discuss ‘radiation stress’ concepts for internal gravity waves in a rotating fluid,
although he used the linearized equations of a Boussinesq fluid. See also MeIntyre (1973)
for another situation involving internal gravity waves in which a buoyancy flux term
contributes to the mean flow, although on that occasion, the use of a Lagrangian mean
velocity did not lead to a simple ‘radiation stress’ concept.
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Similarly, substitution of (3.6) into (3.3) gives

DR F D Q e 2
—DT—@W——EV.(RN> N2V . (Rgw) + O(€?)

= O(e?), (3.11)

on using (2.17) and (3.7). Thus the use of Vj, in place of V has removed the
buoyancy flux term from both (3.1) and (3.3). Also, in (3.4), D/DT may be re-
placed by D /DT, as the error in so doing is O(¢), and can be absorbed into the
right-hand side. Similarly, in (2.10) [and hence in (2.4) and (2.27)], V may be
replaced by V, with an error O(¢). It remains to examine the effect of (3.6) on
the mean momentum equation (3.2).

From (2.16) it follows that

(RvV) = {gvn|w*) — R(ryv]w*) k— R(V(2Q x V4)[w*), (3.12)
and using (3.7) and (A 6),
(Rvv) = Fen+ RGEYk — B{(v(2R2 X E)). (3.13)

Substituting (3.6) and (3.13) into (3.2) gives, after some manipulation,

eRD,V,[DT +R2Q x V, +¢VQ+c 'Rk +eV.(Fcx) +eV.(RrE)K = O(e?).
(3.14)
Also, (Rrg) = (FN¥w*)(k—nnk?). (3.13)
Substituting (3.16)—(3.18) into (3.14) gives
eRD, VDT +R2Q x V, +e7VQ + e 'kK{R+ €2V .[F N2w* 1 (k—nn/c)]}
+eV.(Fcx) = 0(e?). (3.16)
Thus the Reynolds stress term (Rvv) and the buoyancy flux (B£rv) have effec-
tively combined to produce a ‘radiation stress’ tensor Zcx, acting on the
Lagrangian mean momentum equation; (3.16) has the same form as the result
obtained by Grimshaw (1974) in the absence of rotation. Note that the tensor
Fcx arises from the first term on the right-hand side of (3.12), which may be
rewritten as (Exg,); thus the ‘radiation stress’ tensor arises from the average of
the particle displacement with the pressure gradient. The terms in (3.16) of O(e)
and parallel to k determine an O(e?) change in the mean density E.

We shall complete this section with an analysis of the ‘Stokes drift’ velocity Vg,
which is just the difference between V, and V. Thus, from (3.6), it follows that

Vo=V, =V =¢e{rv)+eRIV.(REV) + O(c?). (3.17)
But it may be shown that
(rvy = — N*(uk), (3.18)
and hence Vg = (F/C?){wE)+eV.(Ev) +0(e?). (3.19)
Explicit caleulation now shows that

F %
_F_J(Zﬂ.x)xxk__euxv(./(ZQ.x)

Vs = Ce Ru*x? Ro*i?

) +0(e?). (3.20)
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The first term is due to the first-order effects of compressibility, and is non-zero
even for plane waves (i.e. unmodulated waves). The second term is due primarily
to the modulation of the wave amplitude, and will normally be most significant
at the extremities of a wave packet (where the gradients of & are strongest). In
the absence of rotation, Vg is O(e?).

4. Transport equations: vorticity considerations

The transport equations are now (3.9), (3.16), (3.11) and (3.4), together with
the dispersion relation (2.27). For convenience, these are displayed here:

D;R/DT +RV.V = O(e?), 4.1)
D;V, V@ k oo |[FNE(,  mx
eR DT +R2‘QXVL+_6_+E{R+6 V.[ " (l‘_ﬁ)]}

+eV.(Fcu) = 0(e?). (4.2)

DR F D@ .
DT~ Dr 0 +3)
D F|DT +V . (Fc)+ AkEF = Ofe), (4.4)
K2w*2 = (29 .%)2+ N2, (4.5)
w* =w—xn.V;,+0(). (4.6)

Equation (4.2) shows that, to O(¢), the mean flow is in hydrostatic and geostrophic
balance; the parameter ¢ plays the role of a Rossby number for the mean flow.
(Note that, since 28 and N have been scaled by the same factor, N, may be also
regarded as a typical value of the angular velocity; also it has been assumed that
g/N% is a length scale for the mean flow, and the velocity scale is N, L, thus
e = N%L/g may be regarded as the ratio of the velocity scale to the product of
the large length scale and the angular velocity.) The familiar geostrophic relations
now hold. Thus the vertical component of (4.2) determines £ and the horizontal
component of (4.2) shows that, since V is horizontal to O(e),

2Q, RV, = kx V5 Qe+ O(e). (4.7)

Equation (4.7) shows that V5@ is O(e). Eliminating the pressure from (4.2)
shows that
VR xk = —ecurl (22 x V) + O(e?). (4.8)

The horizontal component of (4.8) implies that
VuR = e2Q.V(k x RV) + 0(e?), (4.9)

and so Vyz R is O(e). This is just the thermal-wind equation of meteorology.
Equation (4.1) shows that V is horizontally non-divergent to O(¢), and from
(4.7), —Q[e2Qy, R acts as a stream function for V. Finally the left-hand side of
(4.3) is O(¢) and determines the vertical velocity W:

RN*W, = Rp— (F|eC?) Qp+ V.V B+ 0(e2). (4.10)
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To determine the time variation of V; we must now examine the O(¢) terms in
the mean momentum equation (4.2). This is a familiar procedure for quasi-
geostrophic systems, and the present situation may be regarded as a quasi-
geostrophic system with a forcing term in the momentum equation due to the
waves. Indeed the effect of the waves on the mean flow is due entirely to the
divergence of the ‘radiation stress’ tensor #cx in the mean momentum equation
(4.2), together with a feedback mechanism by virtue of (4.6) and (4.4). First,
using (4.4) and the compatibility relation (A 11) between x and w, it may be
shown that

V. (Fcx) +FV,0* = —D; (wF)|DT —FVV . .x— AknF, (4.11)
where V,w* is the explicit derivative of w* with respect to X, keeping » fixed

(parallel to k bere). Let
U = R %x, (4.12)

where RU has the dimensions of momentum and in linear theories is sometimes
referred to as ‘wave momentum’; (4.2) becomes

Z N2 2
Ve a0y, YO k{1+ zlv[ FN (k nx)]+(N)zKHk;

DT e¢R R w* K2 2w*k?2
_ D, U
DT

U+AK2U) +0(e?). (4.13)

We shall now examine the nature of the forcing term on the right-hand side of
(4.13) by, first, establishing a circulation theorem and, second, deriving a
potential-vorticity equation.

Let % be a circutt which moves with the mean velocity V, (% is horizontal to
O(e)}. Then

3€v1dx 3@ de

=3€ { DU oy, viameu-YY mXVL

2R

DT ; dX + O(e).

(4.14)
Now it may be shown that

D D
fﬁgmvadx - ﬁﬂgggxx.dx = D—Tffy29.nd8, (4.15)

where & is any material surface whose boundary is ¢ and n is the normal to .
Also, it may be shown that

35 U.dX = SE { LYV, U;.dX. (4.16)

Thus the circulation theorem, in the present context, is

D Sﬁ v.axy [[ 243 U.dX+¢ AeU.dX - Sﬁ
DT 74 > €

(4.17)
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The last term in (4.17) is O(1). Indeed, it may be written in the form

VQ.dX V@ x VR
T Sy s
A lengthy calculation then shows that

V@xVR (2Q2.V)V
Rz

LH | 19Q x V .curl (2Q x V;)} k + O(e). (4.19)

Here V, is the horizontal component of V. Since n = k+ O(e), substitution of
(4.19) into (4.18) shows that this term is O(1). Of the remaining two terms on the
right-hand side of (4.17), the first describes the instantaneous production of mean
vorticity in the vicinity of a wave packet due to U, and the second describes the
permanent production of mean vorticity by frictional effects associated with the
passage of a wave packet.

In quasi-geostrophie systems, the customary procedure is to expand all
variables in powers of ¢:

Q=0Qy+e@Q,+..., R=Ry+eR +..., V=V +eV, +.... (4.20)

Then @, and R, are functions of z alone, and ¢,, = — Ry. To the next order in ¢,
the velocity V, is determined by the geostrophic equation (4.7) (with a zero
subscript on the left-hand side and @, appearing on the right-hand side). The
time variation of V, is then determined by eliminating V, from (4.1) and (4.2).
However, it is well known that this procedure generates the potential-vorticity
equation, and we shall proceed instead by deriving the potential-vorticity
equation directly. Thus, taking the curl of (4.41), we obtain the vorticity equation

VRXVQ

Dy, (ecurl V +2Q) (ecurl V,+29Q) .
ﬁ{ R } = I3 VVL ———g]—??—- —RGUI‘]F-'}-O(E )
D, U . FN2 .
where F = DT +VV, . U+A2U— kRV ( (k —nxn/x ) (4.21)
Ertel’s theorem states that, if
D, x/DT =, (4.22)

then (cf. Pedlosky 1971)

.Vy +0(e%.
(4.23)

Dy ((ecurl V, +2Q).Vy _vy ecurIF+VR><VQ +ecurIVL+2SZ
DT R “YXN TR ¢RS R

The potential-vorticity equation is now generated by choosing y to be a function
of R and @ (so that Vy.VR x V@ is zero) for which y is O(¢%). An appropriate
choice is y = 8, where 8§ = S(R, @) is the entropy associated with the mean flow.
Then

oS A a8 F

2="% 0=z (4.24)
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where 4 is a thermodynamic coefficient, and is the ratio of the specific heat at
constant pressure to the product of the temperature and the coefficient of thermal
expansion (4 is constant for an ideal gas). Hence, from (4.3)

D, 8|DT = O(¢e?. (4.25)
Also VZS_ N2k~—29 v,—Y2E | o). (4.26)
Substitution of ¥ = S into (4.23) then gives
Dy (AN? 2Q.Vy R|  AN?
DT{ (k.curl V,)— Y }— B k.curlF + O(e). (4.27)

It may be shown that
k.curlF = D {k.curl U}/DT + k. curl (Ax2U) + O(e). (4.28)
A lengthy calculation of the left-hand side of (4.27) then gives the result

DLH iVHQl) 1 ) R Ql
DT {VH'(mVRO *RO“*'V(N%,m; 2. V(RO)}

DLH{k curl U} + k. curl (Ax2U) + O(e), (4.29)

where DyylDT = 86T+ V. Vg (4.30)
and 2Q RV, =k xVy,Q,+0(e). (4.31)
Here the subscripts zero denote quantities evaluated at (R, @), which are func-
tions of Z alone. The quantity in the brackets on the left-hand side of (4.31) is

the potential vorticity, and the equation thus describes the generation of
potential vorticity by the waves.

Appendix A. Derivation of the wave action equation
In §2 it was shown that the equations governing the wave amplitude and phase
are (2.35), i.e

(v.F+ N-%H+ R gl =0, (A1)

(vo. F+ N-%r,H+ Rq, 1,y = 0. (A2)
Here I, F and H are given by (2.20), (2.21) and (2.22) respectively, and v and r

are given by (2.23)-(2.26) [¢is then given by (2.16)]. Thus substituting the expres-
sions for I, F and H into (A 1) gives

<v.Dv/DT+v.{v.VV}+rv.2$Z><V+R-1v.Vq

Dr +rvH VgyR F 1

F w*rgy,
T 7 +— rv.2Q x V+—

¢ RC? e RC?

+N‘2{

+R¢V.v—-R- 1Fu0qg>+e‘1EK2(Vlv]2+0'kr2> O(e). (A3)
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Here ¥ = fi/R is the kinematic viscosity evaluated at (¢, R). Then, using (2.15)-
(2.17) (with the right-hand sides O(¢)), which relate the variables v, r and g, it
follows that
%.{{qv).VV} _ (2R x v,. {v.VV}

w*R w*

(rv)y. 22 x V + e 1EkXv |v|2+ 0kr2) = O(e). (A 4)

2—(% v|2+1r2/N2) + RV . (gv) +

DT
+(rvH-).VHR_ R,
eRN? N2R

Now, from (2.29),

R(E |v|*+§r2N%) = &, (A5)
and explicit calculation shows that
{gv) = dc, (A6)

where ¢ is the group velocity (2.28). Next, it may be shown that
(rvg).VgR R, V_<29XV0-{V-VV}> -
eRN? N2R w*

where use has been made of (2.13) to relate Vg R to V. Also, explicit calculation
shows that

(rv). 28 x 0, (A7)

e LBk V|2 + okr?) = R-1Ak%6, (A8)
_E[_ - (2Q.x2(—ck)
where A= p [V+Uk+{(29.u)2+N2x§{}]' (A9)

Substitution of these results into (A 4) gives
DE[DT 4+ V. (8c) + . {c.VV}/w* + Ak3E = O(e). (A10)

Now it follows from (2.4) that
xp+Vo =0, (A11)

and substituting & = w*+x.V into this equation, where w* is given by the
dispersion relation (2.27), we have

Dw*[DT +c.Vo* = —x.{c.VV}. (A12)

(Note that (A 12) should also contain, on the right-hand side, a term (Dw*/DT),,
the explicit derivative of w* with respect to (X, T'), keeping x fixed ; in the present
context this is proportional to DN?/DT and is O(¢). However, if @ and R are
allowed to depend on 7', as well as Z, to leading order in ¢, terms proportional to
DNZ[DT appear in (A 10) and (A 13) and it may be shown that the equation
for wave action derived below is still valid. See Grimshaw (1975), where this
case was considered for a linearized system.)
Substituting (A 12) into (A 10) gives

D¢& & (Dw*
= SR el * 20 _
DT+V.(<§“C) w*{DT +c.Vo }+/\K6” O(e) (A13)
or recalling that § = w*#,
Fr+ V. [F(c+ V)]+AEF = O(e). (A 14)

This is the equation for the conservation of wave action.
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Equation (A 14), derived from (A 1), is an equation for the amplitude a, and
does not contain the phase i; (A 2) leads to an equation for . Indeed it may
easily be shown, on substituting (2.23)-(2.26) into (A 2), that

DYy [DT +c.Viy+... =0, (A 15)

where the omitted terms do not involve i and have not been displayed as they
are rather complicated (these terms all involve 28 and are identically zero in the
absence of rotation).

Appendix B. Derivation of the Lagrangian mean velocity
In order to relate the Eulerian mean velocity V to the Lagrangian mean

velocity V; we shall use a modified Lagrangian description of the motion (cf.
Bretherton 1971). Let X; be the position, at time 7', of an observer moving with
velocity V,; then X, is the solution of the equation

D X, /DT =V (X,,T), (B1)
where D, /DT = 0[eT +V,,.V, (B2)
is the time derivative following V;. The subscript L denotes differentiation with
respect to X; . The particle displacement, relative to V, is &, so that

X =X +€E(0:;X,,T;¢), (B3)
where 0, =¢710,(X,, T). (B4)
Here E is periodie, of period 27, and has zero mean in the phase 0. (It will be

shown subsequently that ©,(X,,T) = 0(X;,T).) Recalling that X = ex, and
letting X; = ex;, (B 3) becomes

X =X;+E. (B5)

The mean Lagrangian density is p;, defined to be that density which is conserved
by V;, so that

The equation for conservation of mass is
pJ = pr, B7)
where J is the Jacobian of the transformation from x; to x:
_ox) ox; Ox; 0x;
= By = S By By By, (B8)

Here ¢, is the permutation symbol and the summation convention applies.
Substitution of (B 5) into (B 8) gives

J=1+ 3£ 65:‘ agk 6(5)

o 1
5 + 5€1:2.6; .
dwp, IR oxp 0xy, T B(Xy)

(B9)

We now let p=R (X, T;¢e)(1+erp(0r; X, T;¢)), (B 10)
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where 7, is periodic and has zero mean in the phase 6;. Substitution of (B 9) and
(B 10) into (B 7), and subsequent lengthy calculation, shows that

®y By, = —€(V,.E+7+E.(8y,. Vxp)}+O(e?), (B11)
WheI'e KL == VLGL’ (L)L = —@LT. (B 12)

The fact that »;,.&,, is O(e) is the Lagrangian counterpart of (2.15). It may also
be shown that R; differs from p; by terms O(e?).

We are now in a position to examine the relation between Eulerian and
Lagrangian means. The Eulerian phase, using (B 3) and (B 11), is given by

X, T) = 0(X, T)+e?a,}
where ag=—Vp.E—r;+0(e).

The fact that &(X,T) and 0(X,,T) differ by terms O(e?) means that we may
identify the Lagrangian phase 0,(X;, T') with ®(X, T'); then

(B 13)

0=20;+ea,

and any function periodic in § may be expressed in terms of a series of functions
periodic in 6. Hence if f(0; X, T') is some quantity expressed in terms of Eulerian
variables, we find that

F(0; X, T) = f(0, +ea; X, +€ET) = f(0,, X;. T) +eef, +E.Vf) + O(e?). (B 14)

To leading order in ¢, Lagrangian and Eulerian means agree, but there is an O(e)
difference, given by

o =< +elafy+ 8. V) + 0(e?). (B15)

Here a subsecript L denotes a Lagrangian mean. Applying the relation (B 14) to
the density p shows that

rp =r+E.VR[/R+O(e), (B 16)

and R; (the Lagrangian mean density) differs from R (the Eulerian mean density)
only by terms O(e?); both differ from p; by terms O(e?).
The velocity u is obtained by differentiating (B 3) with respect to the time:

u=V,-wik, +e¢D E/DT, (B 17)

where wf =wL—-%;. V. (B 18)

Since this is just V + v (in Eulerian terms), it follows from (B 14) and (B 15) that

v = —wik,, +0(€) (B19)

and V., =V+elavy,+E.VVv) +O(e?). (B 20)
Using (B 13), (B 16) and (B 19), this last result takes the form

Vi = V4+e(rv) +eRIV.(REV) + O(€?). (B21)

We conclude this appendix with a demonstration of how the equations (4.1)-
(4.3) involving the Lagrangian mean velocity may be derived using Lagrangian
means (cf. Bretherton 1971). The Lagrangian equations of motion are (B 6) and
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(B 7) (conservation of mass), (1.6) (conservation of entropy) and (1.5) (conserva-
tion of momentum); (1.5) may be rewritten as

du prk

J
PL; +pr 28 x U+ +€—2Vp=eE,uV2u+..., (B22)

d *a Dy

d—t=—&)9LE _DT (B23)

where

Since R differs from p; only by terms O(e?), (4.1) is just (B 6); averaging (1.6)
with respect to 0, gives (4.3), and similarly averaging (B 22) gives

V. prk y
PL +pL2SZ><VL+—+e"2(JVp>L= O(e%). (B24)
Now it may be shown that
Jap/axz = a(oaip /axLa’ (B 25)
1o _ 0x; 0xp
where Coi = 3€apyCijuz 3TL,9 35”1,,, (B 26)
Hence e~ J oplon,yp = €1 &K, p)[0X 1, (B27)

A lengthy calculation, which will not be reproduced here, then shows that (B 24)
agrees with (4.2).
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